Introduction. A derivation on an algebra A is a linear mapping D: A -• A that satisfies

D(ab) = aDb + {Da)b {a, be A).
In this paper we are concerned with derivations on commutative Banach algebras.
In 1955 Singer and Wermer ( [10] ) proved the now classical theorem: Every continuous derivation on a commutative Banach algebra maps into the radical. In the same paper they conjectured: (a) Every derivation on a commutative Banach algebra maps into the radical. In this context, it is reasonable to look for classes of Banach algebras on which every derivation is continuous. It was shown by B. E. Johnson that every derivation on a commutative, semisimple Banach algebra is continuous ( [5] ). Among the commutative Banach algebras the semisimple ones are characterized as those having no topologically nilpotent element other than zero; all known examples of discontinuous derivations on commutative Banach algebras depend crucially on the existence of nontrivial nilpotent elements in the algebraic sense ( [7] ). Thus, we might possibly generalize Johnson's theorem as follows: (b) Every derivation on a semiprime Banach algebra, i.e. on a commutative Banach algebra without nontrivial nilpotent elements, is continuous.
One result of this paper will be that (b) implies (a). Recently, (a) has been proved by Marc P. Thomas ([11]), whereas it still seems to be unknown whether (b) is true or not. 365 I would like to thank Professor Dr. George Maltese, who recommended this topic to me, Dr. Michael Pannenberg for many interesting discussions, and particularly Dr. Jorg Eschmeier for his patient and helpful support. Proof. The only thing we have to show is that (iii) implies (i). We prove it by contraposition. Let A be a commutative Banach algebra and D: A -• A a derivation with nonnilpotent separating space. Then there is a minimal prime ideal P c A that does not contain 5?{p). By Lemma 2, it is closed, and A/P is a Banach algebra which is an integral domain. Then D: A/P -* A/P defined according to (1) is a discontinuous derivation on A/P. D
Preliminaries.
The equivalence of (ii) and (iii) has already been observed by Garimella ([4] ). In the last section of this paper we shall add a fourth equivalent statement to Theorem 1.
Reducing the Singer-Wermer problem.
It is a well-known theorem by B. E. Johnson that to prove the Singer-Wermer conjecture we may limit our attention to derivations on local Banach algebras, i.e. on commutative, unital Banach algebras possessing exactly one maximal ideal; this reduction of the problem is required in [11] . We shall reduce the problem a bit further. THEOREM 
The following three statements are equivalent (i) Every derivation on a commutative Banach algebra maps into the radical.
(ii) Every derivation on a local Banach algebra maps into the radical.
(
iii) Every derivation on a local Banach algebra which is an integral domain maps into the radical
Proof. The equivalence of (i) and (ii) is proved in [5] ; for a polished proof see [8] . Assume that (iii) holds. Let A be a local Banach algebra, 368 VOLKER RUNDE D: A -• A a derivation, and P c A a minimal prime ideal. As A is local, we have P c ~F c rad(^). Let us first consider the case that P contains S^{D). In this case we regard the Banach algebra A/P let π: A -• ^4/P be the canonical epimorphism. By well-known properties of separating spaces ( [9] 
Accessible and inaccessible prime ideals. Accessible prime ideals
were introduced by Curtis in [1] to give a sufficient condition for the Singer-Wermer conjecture to hold. DEFINITION 1. Let A be a commutative Banach algebra. A closed prime ideal P c A will be called accessible, if it is the intersection of all closed ideals of A properly containing it. Otherwise, P is said to be inaccessible.
The following lemma due to Curtis displays the crucial property of accessible prime ideals. LEMMA 3. Let A be a commutative Banach algebra, and P c A an accessible prime ideal Then P contains every separating ideal of A.
Some automatic continuity theorems.
Let A be a Banach algebra which is an integral domain with accessible zero-ideal. It is a trivial conclusion from Lemma 3 that every derivation on A and every epimorphism onto A is continuous. However, the accessibility of the zero-ideal is often difficult to verify directly. In this subsection we shall give sufficient conditions for the zero-ideal of an integral domain to be accessible. LEMMA A similar, slightly weaker result only for derivations has been given by Garimella ([4] ). Now let A be a Banach algebra which is a subalgebra of C[[X]], and assume that A is not isomorphic to C. Consider the linear functional PQ: A -> C that maps each power series in A to its constant term. Then po is either the zero-mapping or an epimorphism onto C. In any case, there is a nonzero / e A for which the constant term vanishes; hence, f|?Li f k A = {0}. We have thus proved: COROLLARY Proof. Let P c A be a minimal prime ideal. Let T be an epimorphism onto A. If P is not a maximal modular ideal, 5^{T) is contained in P by the accessibility of the prime ideal. As the separating space of an epimorphism is always contained in the Jacobson radical, 5?(T) C P holds as well, if P is a maximal modular ideal. Now let D: A -• A be a derivation. We need only consider the case of P being a maximal modular ideal. Let D denote the derivation on A/P to which D drops according to (1) . As the zero-mapping is the only derivation on A/P = C, we have DA c P, and hence, C P. D
Let A be a Banach algebra which is a subalgebra of C[[X]]. Then every derivation on A and every epimorphism onto
COROLLARY 2. Let A be a semiprίme Banach algebra such that all prime ideals of A are closed. Then every derivation on A and every epimorphism onto A is continuous. In particular, all Banach algebra norms for A are equivalent.
The automatic continuity only of derivations on such Banach algebras has been proved in a different way by Garimella ([4] ).
Topologically simple Banach algebras.
Recall the definition of a topologically simple Banach algebra: A Banach algebra A with A 2 φ {0} is said to be topologically simple if there are no closed, two-sided ideals of A other then {0} and A . As primitive ideals are automatically closed, a topologically simple Banach algebra is either primitive or radical. It seems to be still unknown, whether topologically simple, radical Banach algebras exist. So, C is the only known example of a topologically simple, commutative Banach algebra. The question of whether other examples exist is known as the closed ideal problem.
It was Julian Cusack ([2]) who first pointed out the connections between the existence of topologically simple, radical Banach algebras and certain automatic continuity problems for derivations and epimorphisms. In this subsection we use inaccessible prime ideals to give easier proofs of some of his results in the commutative case. Proof. We only have to show that (i) implies (iii). Let S denote the intersection of all nonzero, closed ideals of A, and let {a k } k >γ be a sequence in A . If there is an n e N such that a n = 0, then aι ' a n S = aι -a k S (k > ή).
Otherwise,
Hence, S is a separating ideal other than {0} , and it is contained in the radical. D
VOLKER RUNDE
LEMMA 8. Let A be a commutative Banach algebra containing a separating ideal S such that S n rad(^4) is not nilpotent Then A contains an inaccessible prime ideal
Proof. As S Π rad(^) is not nilpotent, there is a minimal prime ideal P c A which is not a maximal modular ideal, and which does not contain S. By Lemma 2, it is closed, and by Lemma 3, inaccessible.D It is easy to see that a topologically simple, commutative Banach algebra other than C must be an integral domain; its zero-ideal is obviously inaccessible. On the other hand, if A is a commutative Banach algebra which is an integral domain with inaccessible zero-ideal, then the intersection of all nonzero, closed ideals of A is a topologically simple, commutative Banach algebra which is not isomorphic to C. Further, if A is an arbitrary commutative Banach algebra, and P c A is a closed prime ideal, then P is inaccessible in A, if and only if the zero-ideal is in A/P. Thus, the following assertion holds: THEOREM 
The following six statements are equivalent. (i) There is a commutative Banach algebra A which contains a separating ideal S such that S n rad(^ί) is not nilpotent.
(ii) There is a semiprime Banach algebra A which contains a separating ideal S such that S n rad(Λ) Φ {0}.
(iii) There is a commuutative Banach algebra A which is an integral domain, and which contains a separating ideal S such that (iv) There is a commutative Banach algebra which is an integral domain with inaccessible zero-ideal.
(v) There is a commutative Banach algebra which contains an inaccessible prime ideal.
(vi) There is a topologically simple, commutative Banach algebra other than C.
It follows easily from Lemma 3 and the above theorem that (b) will be true, if C turns out to be the only topologically simple, commutative Banach algebra. The next theorem may possibly hint at a way to prove (b) independently of the closed ideal problem. THEOREM 
The following four statements are equivalent.
(i) Every derivation on a commutative Banach algebra has a nilpotent separating space.
(ii) Every derivation on a semiprime Banach algebra is continuous.
AUTOMATIC CONTINUITY OF DERIVATIONS AND EPIMORPHISMS 373 (iii) Every derivation on a Banach algebra which is an integral domain is continuous.
(iv) Every derivation on a topologically simple, commutative Banach algebra other than C is continuous.
Proof. Assume that (iv) holds. Let A be a commutative Banach algebra which is an integral domain, and D: A -> A a derivation. Without loss of generality we may assume that {0} is inaccessible. Let H denote the intersection of all nonzero, closed ideals of A, and let z e H\{0}. Then H is a topologically simple, commutative Banach algebra other than C, and by (iv), zD: H -> H is a continuous derivation. Let {x k } be a sequence in A such that By the continuity of zD: H -> H, we have z 2 y = 0. As A is an integral domain, this implies y -0. D Finally, let us add a remark about the prime ideals of a topologically simple, commutative Banach algebra: Given an arbitrary integral domain, we do not know whether nonzero prime ideals exist. In case A Φ C is a topologically simple, commutative Banach algebra, however, they exist in abundance. In this case, f|)b=i z^ is dense in A for any nonzero z e A; furthermore, it does not intersect the multiplicatively closed set {z k \k > 1}. Hence, there is a prime ideal P c A with oo {0}^ (}z k AcPcA\{z k \k>l}.
k=\
Thus, for each nonzero z G A there is a nonzero prime ideal of A which does not contain z.
